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Abstract
In this paper, using the structural approach is derived a mathematical model of the discrete coupon bond with the
provision that allows the holder to demand early redemption at any coupon dates prior to the maturity and based on this
model is provided some analysis including min-max and gradient estimates of the bond price. Using these estimates
the existence and uniqueness of the default boundaries and some relationships between the design parameters of the
discrete coupon bond with early redemption provision are described. Then under some assumptions the existence and
uniqueness of the early redemption boundaries is proved and the analytic formula of the bond price is provided using
higher binary options. Finally for our bond is provided the analysis on the duration and credit spread, which are used
widely in financial reality. Our works provide a design guide of the discrete coupon bond with the early redemption
provision.
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1. Introduction
Issueing bond is a kind of financing methods of firms and among firm bonds there is a bond with the provision
under which the bond holder can demand early redemption prior to the maturity. This is a kind of defaultable cor-
porate bonds and the pricing problem of defaultable corporate bonds is one of the most promising areas in financial
mathematics [1].
It is well known that there are two main approaches among methods to price defaultable corporate bonds: one is
the structural approach and another one is the reduced form approach. In the structural approach, it is thought that the
default events occur when the firm value is not sufficient to repay debt, that is, the firm value attains a certain lower
threshold(default barrier or default boundary) from the above [16, 12]. In the reduced form approach, they think that
it is possible for the default event to occur at any time and the default event is an unpredictable event without any
relation to the firm value. In the reduced form approach, if the default probability in time interval [t, t + ∆t] is λ∆t,
then λ is called default intensity or hazard rate [6, 10]. The third approach is to unify the structural and reduced form
approaches [2, 5, 13, 14]. As for the history of the above approaches and their advantages and shortcomings, readers
can refer to the introductions of [2, 5].
The related information such as default barrier and default intensity is related to the internal business information
of companies and the structural and reduced form approaches can be used to design the corporate bonds.
In reality it is very hard for investors out of the company to get the information of the company in the whole
life time interval of the bond. They might probably know only the discretely (for example, every year or every
three months etc.) declared informations. Hence the modelling of corporate bonds using only the discrete default
information was proposed with the purpose of making the study of credit risk close to the financial reality. In this
direction, [16, 18] gives some results of zero coupon bonds using higher binary options([17]).
There have been many studies of theoretical modelling of the price of zero coupon bonds which are originated
in [15], whereas studies of realistic payout structure providing fixed discrete coupons are relatively less[1]. Geske[7]
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studied this problem at first, where the author models discrete interest payouts prior to maturity as determinants of
default risk. Agliardi[1] generalized the formula of [7] for defaultable coupon bonds and studied a stochastic risk free
term structure and the effects of bankruptcy cost and government taxes on bond interest and calculated the duration of
defaultable bonds. Agliardi’s approach in [1] is a kind of structural approach.
[19, 21] studied the problem of generalizing the structural model of [1] into the comprehensive unified model of
structural and reduced form approaches. [19] obtained the pricing formula of the corporate bond with discounted
discrete coupon in unified two-factor model of structural and reduced form approaches. [21] obtained the pricing
formula of the corporate bond with fixed discrete coupon in unified one-factor model of structural and reduced form
approaches.
In [1, 19, 21], they studied the discrete coupon bonds without the early redemption provision. However, many
firms issue and use discrete coupon bonds with the provision that allow the holder to demand early redemption prior
to the maturity.
Generally speaking, discrete coupon bonds with the provision that allow the holder to demand early redemption
prior to the maturity are included in the class of puttable bonds (or bond options)[3, 8] and widely used in many
companies but it seems difficult to find studies on the their concrete pricing models and price estimates, there are only
some works on general pricing bond option on zero coupon bonds[9, 23, 24].
In this paper we derive a PDE model for the price of a discrete coupon bond with the provision that allows the
holder to demand early redemption at any coupon dates prior to the maturity, and based on the financial analysis on
the relationships between the design parameters of the bond we prove the existence and uniqueness of the default and
early redemption boundaries. Then we give the analytic pricing formula of the bond using higher binary options, and
some applications including the analysis on duration and credit spread. Our works provide some design guide of the
discrete coupon bond with the early redemption provision.
The remainder of the article is organized as follows. In Section 2 we consider the pricing model of a discrete
coupon bond with the early redemption provision. In Section 3 we prove the existence and uniqueness of the default
boundaries and describe some relationships between the design parameters of the discrete coupon bond with early
redemption provision. In Section 4 we prove the existence and uniqueness of the early redemption boundaries and
Section 5 gives the analytic pricing formula of the bond. Section 6 provides some applications including the analysis
on duration and credit spread.
2. The mathematical model of the bond price
Assumptions
1) The short rate r is a constant. Then the price of default free zero coupon bond with maturity T and face value 1
is
Z(t; T ) = e−r(T−t).
2) The firm value process V(t) follows a geometric Brownian motion
dV(t) = (r − b)V(t)dt + sVV(t)dW(t)
under the risk neutral martingale measure. Here b ≥ 0 is a constant.
3) Let 0 = T0 < T1 < · · · < TN−1 < TN = T and let T be the maturity of our corporate bond with face value F(unit
of currency). At time Ti (i = 1, · · · ,N − 1), the bond holder receives the coupon of quantityCi(unit of currency) from
the firm and at time TN = T , the bond holder receives the face value F and the last couponCN(unit of currency).
4) The bond holder has the right to demand early redemption at any coupon dates Ti, (i = 1, · · · ,N − 1) prior
to the maturity. If the bond holder demand early redemption, the firm does not pay the coupon of the day and bond
holder receives the face value deducted the coupons he had already received. That is, if the bond holder demand early
redemption at Ti, the bond holder receives F −
∑i−1
j=1C j(unit of currency)
5) The default occurs only at time Ti when the firm value is not sufficient to pay the debt and the coupon or the
early redemptive money. If the default occurs, the bond holder receives δ · V as default recovery. Here 0 ≤ δ < 1 is
called a fractional default recovery.
6) In the subinterval (Ti, Ti+1], the prices of our corporate bond are given by sufficiently smooth functions Bi(V, t), (i =
0, · · · ,N − 1), respectively.
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Mathematical model for bond price
We will use the following notations for simplicity:
c¯N = F +CN ; c¯i = Ci, i = 1, · · · ,N − 1.
First we analyse the default event. If the default event occurs or the bond holder demands early redemption before Ti
or at Ti (i = 1, · · · ,N − 1), the bond contract doesn’t exist on the interval Ti < t ≤ Ti+1. Hence Bi(V, t), Ti < t ≤
Ti+1 is the bond(debt) price on the interval (Ti, Ti+1] under the condition that the bond holder doesn’t demand early
redemption and the default event doesn’t occur at Ti or before Ti. Therefore, the fact that the default event doesn’t
occur at Ti (i = 1, · · · ,N−1) means that the firm value is not smaller than Bi(V, Ti) after paying the coupon c¯i, that is,
V ≥ Bi(V, Ti) + c¯i. And the fact that the default event doesn’t occur at Ti (i = 1, · · · ,N − 1) means that the firm value
is enough to pay the early redemptive money to the bond holder at Ti. From the assumption 4), if the bond holder
demands early redemtion at Ti, the firm gives the bond holder the face value deducted the coupons c¯ j ( j = 1, · · · , i−1)
that he had already received, namely, F −∑i−1j=1 c¯ j(unit of currency). Thus the fact that the default event doesn’t occur
means that V ≥ F −∑i−1j=1 c¯ j. On the whole, the fact that the default event doesn’t occur at Ti means that
V ≥ max
F −
i−1∑
j=1
c¯ j, Bi(V, Ti) + c¯i
 . (1)
On the other hand, the fact that the default event occurs at Ti means that
V < max
F −
i−1∑
j=1
c¯ j, Bi(V, Ti) + c¯i
 . (2)
Next, we analyse whether it is advantageous for the bond holder to keep the bond contract or to demand early
redemption at Ti. If the bond holder demands early redemption at Ti, then the holder receives F −
∑i−1
j=1 c¯ j(unit of
currency), whereas if the bond holder keeps the contract, then the holder receives coupon c¯i(unit of currency) and also
possesses the bond with the value of Bi(V, t) after Ti. Thus, at time Ti, the bond holder compares Bi(V, Ti) + c¯i with
F −∑i−1j=1 c¯ j and if F −∑i−1j=1 c¯ j is larger, then the holder will demand early redemption immediately but if Bi(V, Ti)+ c¯i
is larger, then the holder will keep the contract. As a result, it is reasonable to think that the bond holder compares the
proposal of keeping the contract with the proposal of demanding early redemption and then choose the better proposal.
Therefore under the assumption that the default event didn’t occur and the holder didn’t demand early redemption at
the coupon dates prior to Ti, if the default event doesn’t occur at Ti, then the bond price at Ti is
max
F −
i−1∑
j=1
c¯ j, Bi(V, Ti) + c¯i
 ,
and if the default event occurs at Ti, then the bond holder receives δV as default recovery by the assumption 5). Hence
the bond price at Ti (i = 1, · · · ,N − 1) is as follows:
if V ≥ max
F −
i−1∑
j=1
c¯ j, Bi(V, Ti) + c¯i
 , then max
F −
i−1∑
j=1
c¯ j, Bi(V, Ti) + c¯i
 ,
if V < max
F −
i−1∑
j=1
c¯ j, Bi(V, Ti) + c¯i
 , then δV. (3)
In particular the bond price at the maturity TN = T is
BN−1(V, TN) = c¯N · 1{V ≥ c¯N } + δV · 1{V < c¯N }. (4)
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From the assumptions 1), 2), 6), it follows that the bond price Bi on the subinterval (Ti, Ti+1) (i = 0, · · · ,N − 1)
satisfies the following PDE (this is derived in the standard way)[22]:
∂Bi
∂t
+
s2
V
V2
2
∂2Bi
∂V2
+ (r − b)V ∂Bi
∂V
− rBi = 0, Ti < t < Ti+1, V > 0. (5)
From (1)-(4), we get terminal conditions of the bond price.
BN−1(V, TN) = c¯N · 1{V ≥ c¯N } + δV · 1{V < c¯N }, V > 0; (6)
Bi(V, Ti+1) = max
Bi+1(V, Ti+1) + c¯i+1, F −
i∑
j=1
c¯ j
 · 1
V ≥ max
Bi+1(V, Ti+1) + c¯i+1, F −
i∑
j=1
c¯ j


+ δV · 1
V < max
Bi+1(V, Ti+1) + c¯i+1, F −
i∑
j=1
c¯ j

 , V > 0, i = 0, · · · ,N − 2. (7)
So our model of the bond price is (5), (6), (7), that is, we must find Bi satisfying (5)i=N−1 and (6) on the interval
TN−1 < t ≤ TN and (5) and (7) on the interval Ti < t ≤ Ti+1 (i = 0, · · · ,N − 2), respectively.
This problem on the interval TN−1 < t ≤ TN is just the same one as in [21]. But on the interval Ti < t ≤ Ti+1
(i = 0, · · · ,N − 2), the bond holder compares the proposal of keeping the bond with the proposal of demanding early
redemption at Ti+1 and makes a decision, thus we must first find the early redemption boundary and the problem
becomes American option-like pricing problem, or more precisely, Bermudan option-like pricing problem (at pages
193 of [11] and 253∼255 of [17]).
3. The existence and uniqueness of the default boundaries
The following notations are used:
fN−1(V) = c¯N · 1{V ≥ c¯N } + δV · 1{V < c¯N }, (8)
fi(V) = max
Bi+1(V, Ti+1) + c¯i+1, F −
i∑
j=1
c¯ j
 · 1
V ≥ max
Bi+1(V, Ti+1) + c¯i+1, F −
i∑
j=1
c¯ j


+ δV · 1
V < max
Bi+1(V, Ti+1) + c¯i+1, F −
i∑
j=1
c¯ j

 , V > 0, i = 0, 1, · · · ,N − 2. (9)
The supremum and infimum of the function f defined on interval [0, +∞) are denoted by M( f ), m( f ), repectively.
First consider the case when i = N − 1. The bond price BN−1(V, t) on the interval TN−1 < t ≤ TN is the solution of
the following problem:
∂BN−1
∂t
+
s2
V
V2
2
∂2BN−1
∂V2
+ (r − b)V ∂BN−1
∂V
− rBN−1 = 0, TN−1 < t < TN , V > 0,
BN−1(V, TN) = c¯N · 1{V ≥ c¯N } + δV · 1{V < c¯N }, V > 0.
This is a terminal value problem for Black-Scholes equation with interest rate r, dividend rate b and volatility sV . By
the terminal condition, DN = c¯N is the default boundary at TN .
By the pricing formula of the first order binary option [4, 17] we have
BN−1(V, t) = c¯NB+c¯N (V, t; TN ; r, b, sV ) + δA
−
c¯N
(V, t; TN ; r, b, sV ). (10)
Here B+
K
(x, t; T ; r, b, sV), A
−
K
(x, t; T ; r, b, sV ) is the price at t of the bond and asset binary options with maturity T ,
exercise price K, interest rate r, dividend rate b and volatility sV , respectively [17].
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Theorem 1 (The gradient estimates and the existence and uniqueness of the default boundaries). Assume that the
volatility sV is enough large, that is, there exists a sequence δ = dN < dN−1 < · · · < d1 < 1 such that
sV ≥
(1 − δ)√
2π · (Ti+1 − Ti)(di − di+1)
if b = 0;
sV ≥
(1 − δ)e−b(Ti+1−Ti)√
2π · (Ti+1 − Ti)(di − di+1e−b(Ti+1−Ti))
if b > 0, i = 1, · · · ,N − 1.
Then for the solution Bi(V, t), i = 1, · · · ,N − 1 of (5), (6), (7), we have
0 < ∂VBi(V, Ti) < di < 1 (11)
and the equation
V = max
F −
i−1∑
j=1
c¯ j, Bi(V, Ti) + c¯i

has unique root Di and we have
V ≥ max
Bi(V, Ti) + c¯i, F −
i−1∑
j=1
c¯ j
 ⇔ V ≥ Di. (12)
Proof. We use induction. First when i = N − 1, we consider properties of BN−1(V, t). From (8), the terminal payoff
fN−1(V) is an discontinuous function with jump ∆ fN−1(c¯N) = (1 − δ)c¯N at V = c¯N . Now estimate ∂VBN−1. From
Theorem 4 of [20], we have
m( f ′N−1)e
−b(TN−TN−1) +
[∆ fN−1(c¯N)]−
c¯N
· e
−b(TN−TN−1)√
2π · s2
V
(TN − TN−1)
< ∂VBN−1(V, TN−1) <
< M( f ′N−1)e
−b(TN−TN−1) +
[∆ fN−1(c¯N)]+
c¯N
· e
−b(TN−TN−1)√
2π · s2
V
(TN − TN−1)
.
Here [x]+ = max{x, 0}, [x]− = min{x, 0}. From (8) M( f ′
N−1) = δ = dN , m( f
′
N−1) = 0 and thus we have
0 < ∂VBN−1(V, TN−1) < dNe−b(TN−TN−1) +
(1 − δ)e−b(TN−TN−1)√
2π · s2
V
(TN − TN−1)
.
From the assumption of our theorem we have (11) for i = N − 1.
Now consider roots of the non-linear equation
V = max
BN−1(V, TN−1) + c¯N−1, F −
N−2∑
j=1
c¯ j
 .
From (11) for i = N − 1, the function
max
BN−1(V, TN−1) + c¯N−1, F −
N−2∑
j=1
c¯ j

is monotone increasing on V and its derivative is strictly less than 1 at all the potins except for the only indifferentiable
point (the intersecting point of graphs of BN−1(V, TN−1) + c¯N−1 and F −
∑N−2
j=1 c¯ j). Thus the equation
V = max
BN−1(V, TN−1) + c¯N−1, F −
N−2∑
j=1
c¯ j

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has unique root DN−1. And from (11) for i = N − 1 we have (12).
Next we assume that we have (11) for i = k + 1 and the equation
V = max
Bk+1(V, Tk+1) + c¯k+1, F −
k∑
j=1
c¯ j

has unique root Dk+1 and we have (12) for i = k + 1. Then consider properties of Bk(V, t). From (9), the terminal
payoff fk(V) is an discontinuous function with jump ∆ fk(Dk+1) = (1− δ)Dk+1 at V = Dk+1. Now estimate ∂VBk. From
Theorem 4 of [20], we have
m( f ′k )e
−b(Tk+1−Tk) +
[∆ fk(Dk+1)]
−
Dk+1
· e
−b(Tk+1−Tk)√
2π · s2
V
(Tk+1 − Tk)
< ∂VBk(V, Tk) <
< M( f ′k )e
−b(Tk+1−Tk) +
[∆ fk(Dk+1)]
+
Dk+1
· e
−b(Tk+1−Tk)√
2π · s2
V
(Tk+1 − Tk)
.
From (9) and (11) for i = k + 1, we have M( f ′
k
) = dk+1, m( f
′
k
) = 0 and thus we have
0 < ∂VBk(V, Tk) < dk+1e
−b(Tk+1−Tk) +
(1 − δ)e−b(Tk+1−Tk)√
2π · s2
V
(Tk+1 − Tk)
.
From the assumption of our theorem we have (11) for i = k. Now consider roots of the non-linear equation
V = max
Bk(V, Tk) + c¯k, F −
k−1∑
j=1
c¯ j
 .
From (11) for i = k, the function
max
Bk(V, Tk) + c¯k, F −
k−1∑
j=1
c¯ j

is monotone increasing on V and its derivative is strictly less than 1 at all the potins except for the only indifferentiable
point (the intersecting point of graphs of Bk(V, Tk) + c¯k and F −
∑k−1
j=1 c¯ j). Thus the equation
V = max
Bk(V, Tk) + c¯k, F −
k−1∑
j=1
c¯ j

has unique root Dk. And from (11) for i = k we have (12).
Remark 1. From (12), Di is called the default boundary at Ti.
Lemma 1 (The minimum estimate). Under the assumption of Theorem 1, for the solution Bi(V, t), i = 1, · · · ,N − 1
of (5), (6), (7), we have the estimate:
min
V
Bi(V, Ti) = Bi(0, Ti) = 0.
The proof of Lemma 1 is provided in appendix. In what follows, the proofs are provided in appendix if their
mathematical proofs are not directly related to the expansion of the paper.
The following lemma shows that for our bond, if at one intermediate coupon date early redemption is always
advantegeous regardless of firm value, then early redemption is always advantegeous at all coupon dates prior to that.
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Lemma 2. Under the assumption of Theorem 1, if for some i = 2, · · · ,N − 1
sup
V
[Bi(V, Ti) + c¯i] ≤ F −
i−1∑
j=1
c¯ j, (13)
then we have
sup
V
[Bi−1(V, Ti−1) + c¯i−1] ≤ F −
i−2∑
j=1
c¯ j.
Corollary 1. Under the assumption of Theorem 1, if
sup
V
[B1(V, T1) + c¯1] > F, (14)
then we have
sup
V
[Bi(V, Ti) + c¯i] > F −
i−1∑
j=1
c¯ j, i = 1, 2, · · · ,N − 1.
From Lemma 2, if (13) holds for some i ∈ {2, · · · ,N−1}, then (13) is also true for i = 1, that is, B1(V, T1)+C1 < F
for all V ∈ [0,+∞). The financial meaning of this expression is that it is always advantageous for the bond holder
to demand early redemption regardless of the firm value at the first coupon date (T1). In the viewpoint of the bond
issuing company, the significance of issuing bond is reduced in full width. Indeed, in this case the bond exists only on
the interval [0, T1] and does not exist after the time T1. And the bond price on the interval [0, T1] satisfies
∂B0
∂t
+
s2
V
V2
2
∂2B0
∂V2
+ (r − b)V ∂B0
∂V
− rB0 = 0, 0 ≤ t < T1, V > 0,
B0(V, T1) = F · 1{V ≥ F} + δV · 1{V < F}.
This problem is just the same as the problem (2.8) and (2.9) of [21] and thus the bond price at t ∈ [0, T1] is provided
as
B0(V, t) = FB
+
F(V, t; T1; r, b, sV ) + δA
−
F(V, t; T1; r, b, sV ), 0 ≤ t ≤ T1.
Therefore in this case the bond is a zero coupon bond with the maturity T1 and the face value F.
It is reasonable for the coupon bond with early redemption to assume that (14) is satisfied.
Lemma 3 (The maximum estimate). Under the assumption of Theorem 1 and the assumption (14), the solution
Bi(V, t), i = 1, · · · ,N − 1 of (5),(6) and (7) satisfies
sup
V
Bi(V, Ti) = Bi(+∞, Ti) =
N∑
j=i+1
[
c¯ je
−r(T j−Ti)
]
.
Now using Lemma 3 we analyse what relations between the parameters of the bond the assumption (14) requires.
From Lemma 3, (14) becomes
c¯1 +
N∑
j=2
[
c¯ je
−r(T j−T1)
]
> F.
Multiplying er(TN−T1) to the both sides of this inequality, we have
N∑
j=1
[
C je
r(TN−T j)
]
> F · er(TN−T1) − F. (15)
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This relation gives us the lower bound for the bond coupons. In particular, if the intervals between the adjoining
coupon dates and the coupons are always the same, i.e, ∆T = Ti+1−Ti, i = 0, · · · ,N−1 andCi = C j = C, 1 ≤ i, j ≤ N,
then (15) becomes
C
N∑
j=1
[
er(TN−T j)
]
> F · [er(TN−T1) − 1].
This yields
C
F
> (er∆T − 1) · e
(N−1)r∆T − 1
eNr∆T − 1 ≈ r∆T ·
(N − 1)r∆T
Nr∆T
=
N − 1
N
· (r∆T ). (16)
This relation gives us the lower bound to the ratio of the coupon to the face value in the bond with early redemption
provision.
Remark 2. From the process of deriving (15), under the assumption of Theorem 1, the assumption (15) becomes a
necessary condition for the assumption (14) to hold.
Now in order to show that under the assumption of Theorem 1, the assumption (15) is a sufficient condition for
the assumption (14) to hold, we prove the following lemmas.
Lemma 4. If for some 1 ≤ m ≤ N − 1,
N∑
j=m
[
c¯ je
r(TN−T j)
]
>
F −
m−1∑
j=1
c¯ j
 · er(TN−Tm)
is satisfied then we have
N∑
j=m+1
[
c¯ je
r(TN−T j)
]
>
F −
m∑
j=1
c¯ j
 · er(TN−Tm+1).
The financial meaning of Lemma 4 is that if a risk free discrete coupon bond has early redemption provision and
keeping the risk free bond at some coupon date Tm is more advantageous than early redemption, then keeping the risk
free bond is advantageous at the date Tm+1, too.
Corollary 2. If (15) holds, then for 1 ≤ m ≤ N − 1 we have
N∑
j=m
[
c¯ je
r(TN−T j)
]
>
F −
m−1∑
j=1
c¯ j
 · er(TN−Tm),
or equivalently,
N∑
j=m
[
c¯ je
−r(T j−Tm−1)
]
>
F −
m−1∑
j=1
c¯ j
 · e−r(Tm−Tm−1). (17)
Lemma 5. Under the assumption of Theorem 1 and assumption (15), we have
sup
V
Bi(V, Ti) = Bi(+∞, Ti) =
N∑
j=i+1
[
c¯ je
−r(T j−Ti)
]
.
Corollary 3. Under the assumption of Theorem 1, (15) is a necessary and sufficient condition for the assumption (14)
to hold.
This shows that it is valid to set up the parameters of the discrete coupon bond with early redemption provision
such that the assumption (15) is satisfied.
Remark 3. In the financial reality, there are such bonds that (15) is not satisfied. For example, see zero coupon
bonds. In the case of such bonds that the assumption (15) is not satisfied (that is, the bonds with too small coupons),
in the viewpoint of the bond issuing firm, the early redemption provision should be canceled. If the early redemption
provision is canceled, then the bond becomes discrete coupon bond without early redemption provision (studied in
[21], already).
From now, we consider the bonds with early redemption provision satisfying (15).
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4. The early redemption boundaries
So far, it is not clear whether the problem (5) and (7) can be solved by using higher order binary options or not.
To make it clear, we study the structure of the terminal functions fi(V) for Bi(V , t), i = 0, · · · ,N − 2.
First, we consider the positions of the graph of y = Bi+1(V, Ti+1)+ c¯i+1 and the line of y = F −
∑i
j=1 c¯ j. See Figure
1. There are 3 cases: the case that the inequality
sup
V
{Bi+1(V, Ti+1) + c¯i+1} = c¯i+1 +
N∑
j=i+2
[
c¯ je
−r(T j−Ti+1)
]
≤ F −
i∑
j=1
c¯ j (18)
holds(see line 1 in Figure 1), the case that the inequality
min
V
{Bi+1(V, Ti+1) + c¯i+1} = c¯i+1 > F −
i∑
j=1
c¯ j (19)
holds(see line 2 in Figure 1) and the case that the graph of y = Bi+1(V, Ti+1) + c¯i+1 and the line of y = F −
∑i
j=1 c¯ j
intersect at only one point(see line 3 in Figure 1).
line 1
line 2
line 3
y=supV[B i+1(V,Ti+1)+Ci+1]
y=Bi+1(V,Ti+1)+Ci+1
          (black)
Ci+1
0 V
y
Figure 1. The positions of the graph of y = Bi+1(V, Ti+1) + c¯i+1 and the line of y = F −
∑i
j=1 c¯ j. Here the lines 1, 2, 3
are the graphs of y = F −∑ij=1 c¯ j in different cases.
Consider the first case (with (18)). Since we assumed (15), Corollary 3 implies that (14) holds and Corollary 1
implies that
sup
V
[Bi(V, Ti) + c¯i] > F −
i−1∑
j=1
c¯ j, i = 1, 2, · · · ,N − 1.
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This means that (18) can not hold for our bond. Therefore, we exclude the first case. Next, consider the second case
(with (19)). (19) is equivalent to
i+1∑
j=1
c¯ j > F (20)
and if for some i = m (19) holds, then for all m < i ≤ N − 2 (19) holds since c¯i ≥ 0. That is, for all m < i ≤ N − 2 and
all V ∈ [0, +∞), we have
Bi+1(V, Ti+1) + c¯i+1 > F −
i∑
j=1
c¯ j.
Now let
M = min
0≤k≤N−1

k+1∑
j=1
c¯ j > F
 . (21)
Then for 0 ≤ i < M, neither (18) nor (19) holds and we have only the third case (see line 3 in Figure 1).
Remark 4. The bond holder should keep always the contract at TM+1 and the later coupon dates. Thus at TM+1 and
the later coupon dates, our discrete coupon bond becomes the discrete coupon bond without early redemption [21].
Therefore, on the interval TM+1 ≤ t ≤ TN , our bond price Bi(V, t) (Ti ≤ t < Ti+1, M ≤ i ≤ N − 1) is given by the
formula (2.10) in the case of λi = 0 in [21]. The result is as follows:
Bi(V, t) =
N−1∑
k=i
[
c¯k+1B
+ ··· + +
Di+1···DkDk+1 (V, t; Ti+1, · · · , Tk, Tk+1; r, b, sV ).
+ δA + ··· + −Di+1···DkDk+1 (V, t; Ti+1, · · · , Tk, Tk+1; r, b, sV )
]
, (Ti ≤ t < Ti+1, M ≤ i ≤ N − 1). (22)
Thus, we have evaluated the bond price on the interval TM < t ≤ TN .
Now we only need to evaluate the bond price on the interval T0 ≤ t ≤ TM .
Theorem 2 (Existence and uniqueness of early redemption boundaries). Suppose that (15) is satisfied. Then for
i = 1, · · · ,M the nonlinear equation
Bi(V, Ti) + c¯i = F −
i−1∑
j=1
c¯ j
has unique root Ei and we have
Bi(V, Ti) + c¯i ≥ F −
i−1∑
j=1
c¯ j ⇔ V ≥ Ei.
Proof. From (21), for all i = 1, · · · ,M we have
c¯i < F −
i−1∑
j=1
c¯ j.
On the other hand, since (15) is satisfied, Corollay 3 and Lemma 2 implies
F −
i−1∑
j=1
c¯ j < sup
V
{Bi(V, Ti) + c¯i} .
Now note that c¯i = minV {Bi(V, Ti) + c¯i} we have
min
V
{Bi(V, Ti) + c¯i} < F −
i−1∑
j=1
c¯ j < sup
V
{Bi(V, Ti) + c¯i} (see line 3 in Figure 1).
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The function Bi(V, Ti) + c¯i is continuous and strictly increasing (see (11)), the nonlinear equation
Bi(V, Ti) + c¯i = F −
i−1∑
j=1
c¯ j, i.e., Bi(V, Ti) = F −
i∑
j=1
c¯ j
has unique root Ei and from (11) we have
Bi(V, Ti) + c¯i ≥ F −
i−1∑
j=1
c¯ j ⇔ V ≥ Ei.
Remark 5. For all i = 1, · · · ,M we have
Bi(V, Ti) + c¯i ≥ F −
i−1∑
j=1
c¯ j ⇔ V ≥ Ei.
Thus Ei is called the early redemption boundary at Ti.
Remark 6. If between the face value and coupons there is a relation
N−1∑
j=1
C j < F,
then M = N − 1 by (21). Thus the early redemption boundary Ei uniquely exists for any i = 1, · · · ,N − 1 and our
bond becomes the bond with early redemption in the whole interval 0 ≤ t ≤ TN . On the other hand, if
N−1∑
j=1
C j ≥ F
then from (21) we have M < N − 1 and Ei uniquely exists only for i = 1, · · · ,M. And our bond becomes the bond
with early redemption on the interval 0 ≤ t ≤ TM but on the interval TM < t ≤ TN , it becomes the bond without early
redemption and we calculate the bond price by (22).
5. The pricing formula of our bond
Now in order to get the formula of the bond price in the interval 0 ≤ t ≤ TM, we calculate the bond price Bi(V, Ti+1)
at the coupon dates Ti (i = 0, · · · ,M − 1).
In Figure 2 and Figure 3, the red curve is the graph of y = max{Bi+1(V, Ti+1)+ c¯i+1, F −
∑i
j=1 c¯ j}; the blue curve
is the graph of y = Bi+1(V, Ti+1) + Ci+1; the black line is the graph of y = F −
∑i
j=1 c¯ j; the pink line is the graph of
y = V . As you can see in Figure 2 and Figure 3, there are two cases of the positions of Di+1 and Ei+1: In first case the
intersection point of the graph of y = V and the graph of y = max
{
[Bi+1(V, Ti+1)+ c¯i+1], F −
∑i
j=1 c¯ j
}
is on the branch
of y = Bi+1(V, Ti+1) + c¯i+1 so Di+1 < Ei+1. In second case the intersection point of the graph of y = V and the graph
of y = max
{
[Bi+1(V, Ti+1) + c¯i+1], F −
∑i
j=1 c¯ j
}
is on the branch of y = F −∑ij=1 c¯ j so Di+1 > Ei+1.
First we consider the case when the intersection point of the graph of y = V and the graph of y = max
{
[Bi+1(V, Ti+1)+
c¯i+1], F −
∑i
j=1 c¯ j
}
is on the branch of y = Bi+1(V, Ti+1) + c¯i+1. (Figure 2). Then Di+1 is the solution of the equation
V = Bi+1(V, Ti+1) +c¯i+1 and Ei+1 ≤ Di+1. As you can see in Figure 2, in this case, the default boundary Di+1 corre-
sponds to the default event that occurs because of that the firm value is less than debt when the bond holder keeps the
contract and we can rewrite the terminal payoff function at Ti+1 as follows:
Bi(V, Ti+1) = [Bi+1(V, Ti+1) + c¯i+1] · 1 {V ≥ Di+1} + δV · 1 {V < Di+1} . (23)
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 Cj
    (black)
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                        (red)
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(pink)
y=Bi+1(V,T i+1)+Ci+1
          (blue)
Ci+1
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y
Figure 2. The intersection point is on the branch of y = Bi+1(V, Ti+1) + c¯i+1.
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 Cj
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Figure 3. The intersection point is on the branch of y = F −∑ij=1 c¯ j.
Next we consider the case when the intersection point of the graph of y = V and the graph of y = max
{
[Bi+1(V, Ti+1)+
12
c¯i+1], F −
∑i
j=1 c¯ j
}
is on the branch of y = F −∑ij=1 c¯ j (Figure 3). Then Di+1 = F −∑ij=1 c¯ j and Di+1 < Ei+1. As you
can see in Figure 3, in this case, the default boundary Di+1 corresponds to the default event that occurs because of that
the firm value is less than the early redemption money when the bond holder demands early redemption and we can
rewrite the terminal payoff function at Ti+1 as follows:
Bi(V, Ti+1) = [Bi+1(V, Ti+1) + c¯i+1] · 1 {V ≥ Ei+1} + (F − Σij=1c¯ j) · 1 {Di+1 ≤ V < Ei+1} + δV · 1 {V < Di+1}
= [Bi+1(V, Ti+1) + c¯i+1] · 1 {V ≥ Ei+1} + (F − Σij=1c¯ j) · (1 {V ≥ Di+1} − 1 {V ≥ Ei+1}) + δV · 1 {V < Di+1} .
(24)
Putting (23) and (24) together, then we have
Bi(V, Ti+1) = [Bi+1(V, Ti+1) + c¯i+1] · 1 {V ≥ max{Ei+1, Di+1}} + (F − Σij=1c¯ j) · 1{Di+1 < Ei+1}
· [1 {V ≥ min{Ei+1, Di+1}} − 1 {V ≥ max{Ei+1, Di+1}}] + δV · 1 {V < Di+1} .
Now we use the following notations:
Ui+1 = max{Di+1, Ei+1}, Li+1 = min{Di+1, Ei+1}, i = 0, · · · ,M − 1.
Then we have
Bi(V, Ti+1) = [Bi+1(V, Ti+1) + c¯i+1] · 1{V ≥ Ui+1} + (F − Σij=1c¯ j) · 1{Di+1 < Ei+1} · 1{V ≥ Li+1}
− (F − Σij=1c¯ j) · 1{Di+1 < Ei+1} · 1{V ≥ Ui+1} + δV · 1{V < Di+1}. (25)
Thus for i = M − 1 we have
BM−1(V, TM) = [BM(V, TM) + c¯M] · 1{V ≥ UM} + (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · 1{V ≥ LM}
− (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · 1{V ≥ UM} + δV · 1{V < DM}.
Substituting BM(V, TM)((22) for i = M − 1) to the above, we get
BM−1(V, TM) =
N−1∑
k=M
[
c¯k+1B
+ ··· + +
DM+1···DkDk+1 (V, t; TM, · · · , Tk+1; r, b, sV )
+ δA + ··· + −DM+1 ···DkDk+1 (V, t; TM, · · · , Tk, Tk+1; r, b, sV )
] · 1{V ≥ UM}+
+ c¯M · 1{V ≥ UM} + (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · 1{V ≥ LM}−
− (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · 1{V ≥ UM} + δV · 1{V < DM}
By using the pricing formula of higher order binary options[17], we can get
BM−1(V, t) =
N−1∑
k=M
[
c¯k+1B
+ + ··· + +
UM DM+1···DkDk+1 (V, t; TM , · · · , Tk+1; r, b, sV )
+ δA+ + ··· + −UM DM+1 ···DkDk+1 (V, t; TM , TM+1, · · · , Tk+1; r, b, sV )
]
+ (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+LM (V, t; TM; r, b, sV )− (26)
− (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+UM · (V, t; TM; r, b, sV )+
+ c¯MB
+
UM
(V, t; TM; r, b, sV ) + δA
−
DM
· (V, t; TM; r, b, sV ).
We can rewrite this as follows:
BM−1(V, t) =
N−1∑
k=M−1
[
c¯k+1B
+ + ··· + +
UM DM+1···DkDk+1 (V, t; TM, · · · , Tk+1; r, b, sV )
+ δA+ + ··· + −UM DM+1 ···DkDk+1 (V, t; TM, TM+1, · · · , Tk+1; r, b, sV )
]
+ (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+LM (V, t; TM; r, b, sV )−
− (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+UM · (V, t; TM; r, b, sV ).
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By induction, we assert that the following theorem holds.
For convenience, we use the following notations:
DN = EN = c¯N ; Ui = Di, M < i ≤ N. (27)
Theorem 3 (The pricing formula). Under the assumptions of Theorem 1 and Theorem 2, the solution of (5) and (6)
and (7) is given as follows: For i = 0, · · · , N − 1,
Bi(V, t) =
N−1∑
k=i
[
c¯k+1B
+ ··· + +
Ui+1···UkUk+1 (V, t; Ti+1, · · · , Tk+1; r, b, sV )
+ δA + ··· + −Ui+1 ···UkDk+1 (V, t; Ti+1, · · · , Tk, Tk+1; r, b, sV )
]
+
+
M∑
k=i+1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} ·
[
B + ··· + +Ui+1···Uk−1Lk (V, t; Ti+1, · · · , Tk; r, b, sV ) (28)
− B + ··· + +Ui+1···Uk−1Uk (V, t; Ti+1, · · · , Tk; r, b, sV )
]
, Ti < t < Ti+1.
Here B+ ··· +
K1···Km (x, t; T1, · · · , Tm; r, q, σ) and A+ ··· +K1···Km (x, t; T1, · · · , Tm; r, q, σ) is the price of m-order bond and
asset binary options [17] with the free risk rate r, the dividend rate q and the volatility σ, respectively.
Corollary 4. Under the assumptions of Theorem 1 and Theorem 2, the solution of (5),(6), (7) is given as follows: For
i = 0, · · · ,N − 1,
Bi(V, t) =
N−1∑
k=i
[
e−r(Tk+1−t)c¯k+1Nk−i+1(d−i+1(t), · · · , d−k+1(t); Ak−i+1)
+ e−b(Tk+1−t)δVNk−i+1(d+i+1(t), · · · , d+k (t), −d˜+k+1(t); A−k−i+1)
]
+ (29)
+
M∑
k=i+1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} · e−r(Tk−t)
[
Nk−i(d−i+1(t), · · · , d−k−1(t), ˜˜d−k (t); Ak−i)
− Nk−i(d−i+1(t), · · · , d−k−1(t), d−k (t); Ak−i)
]
, Ti < t < Ti+1.
Here
d±j (t) =
1
sV
√
T j − t
[
ln
V
U j
+
(
r − b ± 1
2
sV
2
)
(T j − t)
]
,
d˜±j (t) =
1
sV
√
T j − t
[
ln
V
D j
+
(
r − b ± 1
2
sV
2
)
(T j − t)
]
,
˜˜d±j (t) =
1
sV
√
T j − t
[
ln
V
L j
+
(
r − b ± 1
2
sV
2
)
(T j − t)
]
.
And the matrix An, A
−
n are the inverse An = (Rn)
−1 , A−n =
(
R−n
)−1
of the n × n dimensional matrix Rn, R−n , which are
given as follows: if we use the notation T˜ j = T j+i+1, 0 ≤ j < n then the elements rlm(t) of Rn are given as
rll(t) = 1, rlm(t) = rml(t) =
√
T˜l − t
T˜m − t
, l < m, (l, m = 0, · · · , n − 1).
And R−n is the matrix, in which,
r−m, n−1(t) = −rm, n−1(t), r−n−1, m(t) = −rn−1, m(t), (m = 0, · · · , n − 2)
and the other elements are as in Rn. And Nn(d1, · · · , dn; An) is n-dimensional normal distribution function with
correlation matrix Rn = (An)
−1, i.e.,
Nn(d1, · · · , dn; An) =
∫ d1
−∞
· · ·
∫ dn
−∞
1
(
√
2π)n
√
detAn exp
(
−1
2
y⊥Any
)
dy.
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Corollary 5 (The initial bond price). Under the assumptions of Theorem 1 and Theorem 2, the initial bond price is
denoted as follows:
B0 = B0(V0, 0) =
N−1∑
k=0
[
e−rTk+1 c¯k+1Nk+1(d−1 (0), · · · , d−k+1(0); Ak+1)
+ e−bTk+1δV0Nk+1(d+1 (0), · · · , d+k (0), −d˜+k+1(0); A−k+1)
]
+ (30)
+
M∑
k=1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} · e−rTk
[
Nk(d
−
1 (0), · · · , d−k−1(0), ˜˜d−k (0); Ak)−
− Nk(d−1 (0), · · · , d−k−1(0), d−k (0); Ak)
]
Now we denote the initial leverage ratio F/V0 by L and the kth coupon ratio Ck/F by ck. Then the initial price of the
bond is as follows:
B0(V0, 0) = B0(L, F, c1, · · · , cN ; δ; r, b) = F
{
e−rTNNN(d−1 (0), · · · , d−N(0); AN)+
+
N−1∑
k=0
[
e−rTk+1 ck+1Nk+1(d−1 (0), · · · , d−k+1(0); Ak+1) + e−bTk+1
δ
L
Nk+1(d
+
1 (0), · · · , d+k (0), −d˜+k+1(0); A−k+1)
]
+ (31)
+
M∑
k=1
(1 − Σk−1j=1c j) · 1{Dk < Ek} · e−rTk
[
Nk(d
−
1 (0), · · · , d−k−1(0), ˜˜d−k (0); Ak) − Nk(d−1 (0), · · · , d−k−1(0), d−k (0); Ak)
]}
In what follows, we give numerical examples for the bond price calculated using the pricing formula (29) and
Matlab. We use the function mvncdf of Matlab in order to calculate multi-dimensional normal distribution function
in the pricing formula (29). The basic data are given as follows:
N = 3, T1 = 1, T2 = 2, T3 = 3(annum),
r = 0.03, b = 0, sV = 1.0, δ = 0.5, F = 1000, C1 = C2 = C3 = 40.
Figure 4 shows the default boundary D1 and the early redemption boundary E1 at T1 when the firm value V varies
from 0 to 16000. Here the red line represents the graph-(V, max{B1(V, T1) + C1, F}), the blue curve represents the
(V, B1(V, T1) + C1)-graph and the black line represents (V, F)- graph and the pink line represents (V, V)-graph,
respectively.
Figure 5 shows the default boundary D2 and the early redemption boundary E2 at T2 when the firm value V varies
from 0 to 16000. Here the red line represents the graph-(V, max{B2(V, T2) + C2, F − C1}), the blue curve represents
the (V, B2(V, T2) + C2)-graph and the black line represents the (V, F − C1)-graph and the pink line represents the
(V, V)-graph, respectively.
As you can see in Figure 4 and Figure 5, for i = 1, 2 we have:
If 0 ≤ V < Di, then the firm value is in the default region. That is, the default event occurs at Ti;
If Di ≤ V < Ei, then the firm value is in the early redemption region. That is, the bond holder should demand
early redemption at Ti;
If Ei ≤ V , then the firm value is in the continuous region. That is, the bond holder should keep the contract at Ti.
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Figure 4. The default boundary D1 and the early redemption boundary E1 at T1.
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Figure 5. The default boundary D2 and the early redemption boundary E2 at T2.
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Figure 9. (t, B(V, t))-graphs
Figure 6 shows the (V, B0(V, t))-graphs at the times t = 0, 0.25, 0.5, 0.75, 1.0, respectively when the firm value
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varies from 0 to 16000.
Figure 7 shows the (V, B1(V, t))-graphs at the times t = 1.0, 1.25, 1.5, 1.75, 2.0, respectively when the firm
value varies from 0 to 16000.
Figure 8 shows the (V, B2(V, t))-graphs at the times t = 2.0, 2.25, 2.5, 2.75, 3.0, respectively when the firm
value varies from 0 to 16000.
Figure 9 shows the (t, B(V, t))-graphs for firm values V = 5000, 10000, 15000 on the time interval [0, T ] =
[0, 3].
By the numerical calculation, E1 = 11945, E2 = 5099, D1 = 1000, D2 = 960.
1) We consider the case when V = 5000 (red in Figure 9). Since D1 < V < E1, the default event doesn’t occur and
the bond holder demands early redemption at T1. Thus, as you can see in the red graph on [0, T1] in Figure 9, we get
B0(V, T1) = F, and thus the bond does not exist on the interval (T1, T3]. So the real bond price is
B(V, t) = 0, T1 < t ≤ T3.
On the other hand, the graphs of the interval (T1, T2] in Figure 9 represent the bond price under the condition that
the default event didn’t occur and the bond holder didn’t demand early redemption at T1. Under this assumption, since
D2 < V < E2, the default event doesn’t occur and the bond holder demands early redemption at T2. Thus, as you can
see in the red graph on (T1, T2] in Figure 9, we get B1(V, T2) = F −C1 and thus the bond does not exist on the interval
(T2, T3].
And the graphs of the interval (T2, T3] represent the bond price under the condition that the default event didn’t
occur and the bond holder didn’t demand early redemption at T1, T2. Since V > D3 = F+C3, the default event doesn’t
occur at T3 and as you can see in the red graph on (T2, T3] in Figure 9, B(V, T3) = F + C3.
2) We consider the case when V = 10000 (blue in Figure 9). Since D1 < V < E1 the default event doesn’t occur
and the bond holder demands early redemption at T1. Thus, as you can see in the blue graph on [0, T1] in Figure 9,
B0(V, T1) = F and the bond does not exist on the interval (T1, T3] like the first case.
On the other hand, the blue graphs of the interval (T1, T2] in Figure 9 represent the bond price under the condition
that the default event didn’t occur and the bond holder didn’t demand early redemption T1. Under this assumption,
since V > E2 > D2, the default event doesn’t occur at T2 and the bond holder keeps the contract. Thus, as you can see
in the blue graph on (T1, T2] in Figure 9, B1(V, T2) = B2(V, T2) + C2. And the bond price on the interval (T2, T3] is
given by the blue curve on the last interval of Figure 9 and B(V, T3) = F +C3.
3) Next we consider the case when V = 15000. Since V > E1 > D1 the default event doesn’t occur at T1
and the bond holder keeps the contract. Thus, as you can see in the black graph on the first interval in Figure 9,
B0(V, T1) = B1(V, T1) +C1. The bond price on the interval (T1, T2] is given by the black graph of the second interval
of Figure 9 and B1(V, T2) = B2(V, T2) + C2.And the bond price on (T2, T3] is given by the black graph of the last
interval in Figure 9 and B(V, T3) = F +C3.
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Figure 10. The early redemption boundary at T1.
0 1 2 3 4 5
Firm Value 104
0
200
400
600
800
1000
1200
C1=C2=C3=20
C1=C2=C3=30
C1=C2=C3=40
Figure 11. The early redemption boundary at T2.
Figure 10 and Figure 11 show the relation between coupons and early redemption boundaries.
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As you can see in Figure 10, in the case when C1 = C2 = C3 = 20, the assumption (15) (or (16)) is not satisfied
and thus the bond holder should demand early redemption at T1. In other cases, the assumption (15) is satisfied and
thus the early redemption boundary exists. On the other hand, Figure 11 shows the early redemption boundary at T2
under the condition that the default event doesn’t occur or the holder doesn’t demand early redemption at T1. The
results show that increasing coupons makes the early redemption boundary smaller. This is compatible with their
financial meaning.
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Figure 12. The (t, B(V, t))-graphs for V = 10000.
Figure 12 shows the effect of coupons on the bond price. As you can see in Figure 12, in the case of C1 = C2 =
C3 = 80, the initial bond price is less than the face value, in the case of C1 = C2 = C3 = 90, the initial bond price is
slightly larger than the face value, and in the case of C1 = C2 = C3 = 100, the initial bond price is very larger than the
face value. Thus if the coupons are too large, the firm must set up the initial bond price higher than the face value and
if the firm wants to set up the initial bond price as the face value, the firm mustn’t set up the coupon too large.
6. Some applications of the pricing formula
6.1. Analysis on the duration of the bond
A duration is a measure of average life of a bond[8] and defined as follows:
D(V, t) = − 1
B(V, t)
∂rB(V, t; r).
Now we will use the following notations:
fk(r) = Nk(d
−
1 , · · · , d−k ; Ak), gk(r) = Nk(d+1 , · · · , d+k−1, −d˜+k ; A−k ),
hk(r) = Nk(d
−
1 , · · · , d−k−1, ˜˜d−k ; Ak).
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Then the initial bond price (31) can be written by
B0(V, 0) =
N−1∑
k=0
[
c¯k+1e
−rTk+1 fk+1(r)
]
+ e−bTk+1δV
N−1∑
k=0
gk+1(r)
+
M∑
k=1
(
F −
∑k−1
j=1
c¯ j
)
· 1{Dk < Ek} · e−rTk [hk(r) − fk(r)].
Thus we have
−∂rB0 =
N−1∑
k=0
[
c¯k+1e
−rTk+1(Tk+1 fk+1(r) − ∂r fk+1)
] − e−bTk+1δV N−1∑
k=0
∂rgk+1
+
M∑
k=1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} · e−rTk
[
Tk(hk − fk) − (∂rhk − ∂r fk)
]
. (32)
The lemma on the derivative of multi-dimensional normal distribution function is as follows:
Lemma 6. [21]
∂xNm(a1(x), · · · , am(x); A) =
m∑
i=1
N¯m,i(a1(x), · · · , am(x); A)a′i(x)
is satisfied. Here
N¯m,i(a1(x), · · · , am(x); A) =
∫ a1(x)
−∞
· · ·
∫ ai−1(x)
−∞
∫ ai+1(x)
−∞
· · ·
∫ am(x)
−∞
√
detA
(
√
2π)m
exp
(
−1
2
⌢
y i (x)
⊥A
⌢
y i (x)
)
dy¯i,
⌢
y i (x)
⊥
= (y1, · · · , yi−1, ai(x), yi+1, · · · , ym),
dy¯i = dy1 · · · dyi−1dyi+1 · · · dym; i = 1, · · · , m.
Using Lemma 6 and
∂
∂r
d±i (0) =
∂
∂r
d˜±i (0) =
∂
∂r
˜˜d±i (0) =
Ti
sV
√
Ti
,
we can get
∂r fk+1(r) = ∂rNk+1(d
−
1 , · · · , d−k+1; Ak+1) =
k+1∑
i=1
N¯k+1,i(d
−
1 (r), · · · , d−k+1(r); Ak+1)
Ti
sV
√
Ti
,
∂rgk+1(r) = ∂rNk+1(d
+
1 , · · · , d+k , −d˜+k+1; A−k+1) =
=
k∑
i=1
N¯k+1,i(d
−
1 (r), · · · , d+k (r), −d˜+k+1(r); Ak+1)
Ti
sV
√
Ti
− N¯k+1,k+1(d−1 (r), · · · , d+k (r), −d˜+k+1(r); Ak+1)
Tk+1
sV
√
Tk+1
,
∂rhk(r) = ∂rNk(d
−
1 , · · · , d−k−1, ˜˜d−k ; Ak) =
k∑
i=1
N¯k,i(d
−
1 (r), · · · , d−k−1, ˜˜d−k (r); Ak)
Ti
sV
√
Ti
. (33)
Substituting these expressions into (32), then we have the following theorem:
Theorem 4 (Duration).
D˜ =
−∂rB0
B0
=
1
B0
N−1∑
k=0
[
c¯k+1e
−rTk+1(Tk+1 fk+1(r) − Fk+1) − e−bTk+1δV0Gk+1
]
+
+
1
B0
M∑
k=1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} · e−rTk [Tk(hk − fk) − (Hk − Fk)].
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Here
Fk =
k∑
i=1
N¯k,i(d
−
1 (r), · · · , d−k (r); Ak)
Ti
sV
√
Ti
,
Gk =
k−1∑
i=1
N¯k,i(d
−
1 (r), · · · , d−k−1(r), −d˜+k (r); Ak)
Ti
sV
√
Ti
− N¯k,k(d−1 (r), · · · , d−k−1(r), −d˜+k (r); A)
Tk
sV
√
Tk
,
Hk =
k∑
i=1
N¯k,i(d
−
1 (r), · · · , d−k−1(r), ˜˜d−k (r); Ak)
Ti
sV
√
Ti
.
6.2. Credit Spread
The credit spread is defined in every subintervals as follows:
CS i = −
ln(Bi(V, t)) − lnZi(t; T )
T − t , i = 0, · · · , N − 1.
Here
Zi(t; T ) =
N∑
j=i+1
c¯ j · e−r(T j−t).
In what follows, we give numerical examples of credit spread calculated by using Matlab. The basic data are as
follows:
N = 3, T1 = 1, T2 = 2, T3 = 3(annum),
r = 0.03, b = 0, sV = 1.0, δ = 0.5, F = 1000, C1 = C2 = C3 = 40.
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Figure 13. (t, CS )-graphs for different firm values
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Figure 14. (t, CS )-graphs for different volatilities
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Figure 15. (t, CS )-graphs for different recoveries
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Figure 16. (t, CS )-graphs for different coupons
Figure 13 shows the effect of firm value on credit spread. (t, CS )-graphs for firm values V = 5000, 10000, 15000
are provided on time interval [0, T ] = [0, 3]. As you see in Figure 13, the credit spread is reduced when the firm value
is increased. This is realated to the fact that the credit risk is reduced when the firm value becomes larger.
Figure 14 shows the effect of volatility on credit spread. (t, CS )-graphs for the volatilities sV = 0.5, 1.0, 1.2 are
provided on time interval [0, T ] = [0, 3]. Here other parameters except for volatility are the same as the above and the
firm value is fixed as V = 10000. As you see in Figure 14, the credit spread is increased when the volatility becomes
larger. This is realated to the fact that the credit risk becomes larger when the volatility becomes larger.
Figure 15 shows the effect of recovery rate on credit spread. (t, CS )-graphs for recovery rates δ = 0.3, 0.5, 0.8
are provided on time interval [0, T ] = [0, 3]. Here other parameters except for recovery rate are the same as the above
and the firm value is fixed as V = 10000. As you see in Figure 15, the credit spread is reduced when the recovery rate
is increased. This is realated to the fact that the bond price is increased when the recovery rate is increased.
Figure 16 shows the effect of coupon on credit spread. (t, CS )-graphs for coupons C = 30, 40, 50 are provided
on time interval. Here other parameters except for coupon are the same as the above and the firm value is fixed as
V = 10000. As you see in Figure 16, the credit spread is increased when the coupon is increased. This is realated to
the fact that the credit risk becomes larger when the coupon is increased.
7. Conclusion
In this paper is derived the structural model of a discrete coupon bond with early redemption provision, using
some analysis including min-max and gradient estimates of the bond price we studied the existence and uniqueness
of default boundary and relationships between the design parameters of the bond, under some assumptions which
are valid in finance we proved the existence and uniqueness of early redemption boundary and provided the analytic
formula of the bond price by using higher binary options, and we gave the analysis on the duration and credit spread.
Our works provide some design guide for the discrete coupon bond with early redemption provision.
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First, for the coupon bond with early redemption provision, coupons must be set up appropriately large such
that (15) is satisfied, and if the firm does not want to pay so large coupon and thus (15) is not satisfied, then early
redemption provision must be removed. In particular, if coupons are all the same, the face value and coupon must be
set up such that (16) is satisfied.
Second, if the coupon is set up too large, early redemption is disadvantageous for the bond holder and the fair initial
price of bond might be higher than the face value. In this case, if the firm sells the bond for the face value, then the
firm may have a loss. Thus if the firm wants to sell the bond for the face value, the coupon must be set up not too
large. If the firm set up the coupon too large, then the firm must set up the initial selling price of the bond higher than
the face value.
8. Appendix
Proof of Lemma 1. We use induction. First we consider the case when i = N − 1. By the gradient estimate of
Theorem 1 and Corollary 2 of [20], we have
min
V
BN−1(V, TN−1) = BN−1(0, TN−1) = fN−1(0) · e−r(TN−TN−1).
On the other hand, from (8), fN−1(0) = 0 and thus we have
min
V
BN−1(V, TN−1) = BN−1(0, TN−1) = 0.
Next in the case when i = k we assume that
min
V
Bk(V, Tk) = Bk(0, Tk) = 0
and we will prove in the case when i = k − 1. By the gradient estimate of Theorem 1 and Corollary 2 of [20], we have
min
V
Bk−1(V, Tk−1) = Bk−1(0, Tk−1) = fk−1(0) · e−r(Tk−Tk−1).
Using induction assumption, we have
max
{
[Bk(V, Tk) + c¯k], F − Σk−1j=1 c¯ j
}
≥ [Bk(V, Tk) + c¯k] ≥ c¯k > 0.
Then from (9) fk−1(0) = δ · 0 = 0 and thus we have
min
V
Bk−1(V, Tk−1) = Bk−1(0, Tk−1) = 0.
✷
Proof of Lemma 2. By the gradient estimate of Theorem 1 and Corollary 2 of [20], we have
sup
V
[Bi−1(V, Ti−1)] = Bi−1(+∞, Ti−1) = fi−1(+∞) · e−r(Ti−Ti−1).
From (8) and (9), we have
fi−1(+∞) = max
{
Bi(+∞, Ti) + c¯i, F − Σi−1j=1c¯ j
}
and from (13), we have
sup
V
[Bi−1(V, Ti−1)] = (F − Σi−1j=1c¯ j) · e−r(Ti−Ti−1).
On the other hand,
sup
V
[Bi−1(V, Ti−1) + c¯i−1] − (F − Σi−2j=1c¯ j) = [(F − Σi−1j=1c¯ j) · e−r(Ti−Ti−1) + c¯i−1] − (F − Σi−2j=1c¯ j)
= (F − Σi−1j=1c¯ j)[e−r(Ti−Ti−1) − 1].
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From Lemma 1 and (13) we have F −∑i−1j=1 c¯ j ≥ 0 and thus we have
sup
V
[Bi−1(V, Ti−1) + c¯i−1] − (F − Σi−2j=1c¯ j) ≤ 0.
Therefore, the lemma is proved. ✷
Proof of Lemma 3. We use induction. First we consider the case when i = N− 1. From the gradient estimate of
Theorem 1 and Corollary 2 of [20], we have
sup
V
[BN−1(V, TN−1)] = BN−1(+∞, Tk−1) = fN−1(+∞) · e−r(TN−TN−1).
From (8) we have fN−1(+∞) = c¯N and thus we have
BN−1(+∞, TN−1) = c¯N · e−r(TN−TN−1).
Thus the assertion of our lemma holds in this case.
Next in the case when i = k we assume that
sup
V
Bk(V, Tk) = Bk(+∞, Tk) =
N∑
j=k+1
[
c¯ je
−r(T j−Tk)
]
and we will prove in the case when i = k − 1. From the gradient estimate of Theorem 1 and Corollary 2 of [20], we
have
sup
V
[Bk−1(V, Tk−1)] = Bk−1(+∞, Tk−1) = fk−1(+∞) · e−r(Tk−Tk−1).
And from (9) we have
fk−1(+∞) = max
{
Bk(+∞, Tk) + c¯k, F − Σk−1j=1 c¯ j
}
.
Thus from Corollary 1, we have
sup
V
[Bk−1(V, Tk−1)] = [Bk(+∞, Tk) + c¯k] · e−r(Tk−Tk−1).
Substituting the induction assumption of the case when i = k into the above expression, we have
sup
V
[Bk−1(V, Tk−1)] =
c¯k +
N∑
j=k+1
[
c¯ je
−r(T j−Tk)
]  · e−r(Tk−Tk−1) =
N∑
j=k
[
c¯ je
−r(T j−Tk−1)
]
.
Lemma is proved. ✷
Proof of Lemma 4. From the assumption
N∑
j=m+1
[
c¯ je
r(TN−T j)
]
> (F − Σm−1j=1 c¯ j) · er(TN−Tm) − c¯mer(TN−Tm)
= (F − Σmj=1c¯ j) · er(TN−Tm) > (F − Σmj=1c¯ j) · er(TN−Tm−1).
Lemma is proved. ✷
Proof of Lemma 5. The proof in the case when i = N − 1 is the same as in Lemma 3.
Next in the case when i = k, we assume that
sup
V
Bk(V, Tk) = Bk(+∞, Tk) =
N∑
j=k+1
[
c¯ je
−r(T j−Tk)
]
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and we will prove in the case when i = k − 1. From the gradient estimate of Theorem 1 and the Corollary 2 of [20],
we have
sup
V
[Bk−1(V, Tk−1)] = Bk−1(+∞, Tk−1) = fk−1(+∞) · e−r(Tk−Tk−1). (A.1)
On the other hand, from (9) we have
fk−1(+∞) = max
{
Bk(+∞, Tk) + c¯k, F − Σk−1j=1 c¯ j
}
.
Substituting the above expression into (A.1) and using the induction assumption of the case of i = k , we have
sup
V
[Bk−1(V, Tk−1)] = max

N∑
j=k+1
[
c¯ je
−r(T j−Tk)
]
+ c¯k, F −
k−1∑
j=1
c¯ j
 · e−r(Tk−Tk−1)
= max

N∑
j=k
[
c¯ je
−r(T j−Tk−1)
]
,
F −
k−1∑
j=1
c¯ j
 · e−r(Tk−Tk−1)
 .
From Corollary 2 we have
sup
V
[Bk−1(V, Tk−1)] = Bk−1(+∞, Tk−1) =
N∑
j=k
[
c¯ je
−r(T j−Tk−1)
]
.
✷
Proof of Corollary 3. The necessity has already been mentioned in Remark 2. We prove the sufficiency. From
Lemma 5, (15) implies
sup
V
B1(V, T1) =
N∑
j=2
[
c¯ je
−r(T j−T1)
]
. (A.2)
Multiplying e−r(TN−T1) to the both sides of (15) and then rewriting it, (15) is equivalent to
∑N
j=1[c¯ je
−r(T j−T1)] > F, and
considering (A.2), we have
sup
V
B1(V, T1) + c¯1 > F.
✷
Proof of Theorem 3. First we consider the case when M ≤ i ≤ N − 1. In this case Bi(V, t) is given by (22), i.e.,
Bi(V, t) =
N−1∑
k=i
[
c¯k+1B
+ ··· + +
Di+1···DkDk+1 (V, t; Ti+1, · · · , Tm+1; r, b, sV )
+ δA + ··· + −Di+1 ···DkDk+1 (V, t; Ti+1, · · · , Tm, Tm+1; r, b, sV )
]
.
Now considering (27), then the above expression can be written into
Bi(V, t) =
N−1∑
k=i
[
c¯k+1B
+ ··· + +
Ui+1···UkUk+1 (V, t; Ti+1, · · · , Tm+1; r, b, sV )
+ δA + ··· + −Ui+1 ···UkDk+1 (V, t; Ti+1, · · · , Tm, Tm+1; r, b, sV )
]
.
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This can be rewritten as follows:
Bi(V, t) =
N−1∑
k=i
[
c¯k+1B
+ ··· + +
Ui+1 ···UkUk+1 (V, t; Ti+1, · · · , Tk+1; r, b, sV )+
+ δA + ··· + −Ui+1 ···UkDk+1 (V, t; Ti+1, · · · , Tk, Tk+1; r, b, sV )
]
+
+
M∑
k=i+1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} ·
[
B + ··· + +Ui+1···Uk−1Lk (V, t; Ti+1, · · · , Tk; r, b, sV )−
− B + ··· + +Ui+1···Uk−1Uk (V, t; Ti+1, · · · , Tk; r, b, sV )
]
, Ti < t < Ti+1.
Indeed, i + 1 > Mand thus in the above expesssion, the term of second sum does not exist. Thus we have (28).
Next we consider the case when 0 ≤ i ≤ M − 1. We use induction. First we prove in the case when i = M − 1.
From (26), we have
BM−1(V, t) =
N−1∑
k=M−1
[
c¯k+1B
+ + ··· + +
UM DM+1···DkDk+1 (V, t; TM, · · · , Tk+1; r, b, sV )
+ δA + + ··· + −UM DM+1 ···DkDk+1 (V, t; TM, TM+1, · · · , Tk+1; r, b, sV )
]
+
+ (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+LM (V, t; TM; r, b, sV )−
− (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+UM · (V, t; TM; r, b, sV ).
Recalling (27), this can be rewritten as follows:
BM−1(V, t) =
N−1∑
k=M−1
[
c¯k+1B
+ + ··· + +
UMUM+1 ···UkUk+1 (V, t; TM, · · · , Tk+1; r, b, sV )
+ δA + + ··· + −UMUM+1 ···UkDk+1 (V, t; TM , TM+1, · · · , Tk+1; r, b, sV )
]
+ (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+LM (V, t; TM; r, b, sV )−
− (F − ΣM−1j=1 c¯ j) · 1{DM < EM} · B+UM · (V, t; TM; r, b, sV ).
Thus we obtained (28).
Next in the case when i = m, we assume that
Bm(V, t) =
N−1∑
k=m
[
c¯k+1B
+ ··· + +
Um+1 ···UkUk+1 (V, t; Tm+1, · · · , Tk+1; r, b, sV )+
+ δA + ··· + −Um+1 ···UkDk+1 (V, t; Tm+1, · · · , Tk, Tk+1; r, b, sV )
]
+ (A.3)
+
M∑
k=m+1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} ·
[
B + ··· + +Um+1 ···Uk−1Lk (V, t; Tm+1, · · · , Tk; r, b, sV )−
− B + ··· + +Um+1···Uk−1Uk (V, t; Tm+1, · · · , Tk; r, b, sV )
]
, Tm < t < Tm+1.
and then we prove in the case when i = m − 1. From (25),
Bm−1(V, Tm) = [Bm(V, Tm) + c¯m] · 1{V ≥ Um} + (F − Σm−1j=1 c¯ j) · 1{Dm < Em} · 1{V ≥ Lm}−
− (F − Σm−1j=1 c¯ j) · 1{Dm < Em} · 1{V ≥ Um} + δV · 1{V < Dm}.
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Substituting (A.3) into the above expression, we have
Bm−1(V, Tm) =
{ N−1∑
k=m
[
c¯k+1B
+ ··· + +
Um+1···UkUk+1 (V, Tm; Tm+1, · · · , Tk+1; r, b, sV )+
+ δA + ··· + −Um+1 ···UkDk+1 (V, Tm; Tm+1, · · · , Tk, Tk+1; r, b, sV )
]
+
+
M∑
k=m+1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} ·
[
B + ··· + +Um+1···Uk−1Lk (V, Tm; Tm+1, · · · , Tk; r, b, sV )−
− B + ··· + +Um+1···Uk−1Uk (V, Tm; Tm+1, · · · , Tk; r, b, sV )
]} · 1{V ≥ Um}+
+ (F − Σm−1j=1 c¯ j) · 1{Dm < Em} · 1{V ≥ Lm} − (F − Σm−1j=1 c¯ j) · 1{Dm < Em} · 1{V ≥ Um}+
+ c¯m · 1{V ≥ Um} + δV · 1{V < Dm}.
Using the pricing formula of higher order binary option [17], we have
Bm−1(V, t) =
N−1∑
k=m
[
c¯k+1B
+ + ···+ +
UmUm+1 ···UkUk+1 (V, t; Tm, Tm+1, · · · , Tk+1; r, b, sV )+
+ δA + + ··· + −UmUm+1 ···UkDk+1 (V, t; Tm, Tm+1, · · · , Tk, Tk+1; r, b, sV )
]
+
+
M∑
k=m+1
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} ·
[
B + + ··· + −UmUm+1 ···Uk−1Lk (V, t; Tm, Tm+1, · · · , Tk; r, b, sV )−
− B + + ··· + −UmUm+1 ···Uk−1Uk (V, t; Tm, Tm+1, · · · , Tk; r, b, sV )
]
+
+ (F − Σm−1j=1 c¯ j) · 1{Dm < Em} · B+Lm(V, t; Tm; r, b, sV )−
− (F − Σm−1j=1 c¯ j) · 1{Dm < Em} · B+Um · (V, t; Tm; r, b, sV )+
+ c¯mB
+
Um
(V, t; Tm; r, b, sV ) + δA
−
Dm
· (V, t; Tm; r, b, sV ).
Here if we make the last 4 terms outside of
∑
put into the corresponding sum terms respectively, we have
Bm−1(V, t) =
N−1∑
k=m−1
[
c¯k+1B
+ ··· + + ··· +
Um···UMDM+1···Dk+1 (V, t; Tm, · · · , Tk+1; r, b, sV )+
+ δA + ··· + + ··· −Um ···UMDM+1···Dk+1 (V, t; Tm, · · · , Tk, Tk+1; r, b, sV )
]
+
+
M∑
k=m
(F − Σk−1j=1 c¯ j) · 1{Dk < Ek} ·
[
B + ··· + +Um··· Uk−1Lk (V, t; Tm, · · · , Tk; r, b, sV )−
− B + ··· + +Um ··· Uk−1Uk (V, t; Tm, · · · , Tk; r, b, sV )
]
.
✷
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